Motivated by recent experimental advances in ultracold atomic gases placed in cavities, we study the influence of the atom-cavity coupling on the Fermi gases trapped in optical lattices. By adiabatic elimination of the cavity photon field, the atom-cavity coupling gives rise to effective long-range interactions. It results in a variety of two-body scattering processes, during which the atomic pairs can acquire an additional center-of-mass momentum. This reveals the possibility of Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) superfluids in which the atomic pairing momentum is nonzero. By inspecting the phase diagram at the mean-field level, we confirm that the FFLO superfluid phase coexists with the zero-momentum pairing, and is the ground state that hosts the lowest energy. Furthermore, the order parameter characterizing the nonzero-momentum pairing does not vanish as long as the cavity-induced interaction is present. * zhenzhen.dr@outlook.com † zwang@hku.hk
I. INTRODUCTION
Exploring quantum many-body physics is one of the main challenging tasks in the studies of ultracold atoms [1] . In the past decades, controllable interactions in ultracold atomic gases have been achieved by exploiting well-developed techniques bashed on Feshbach resonances [2, 3] . It facilitates ultracold atomic gases serving as a versatile platform for exploring many interesting physical phenomena [4, 5] , such as the crossover from the Bardeen-Cooper-Schrieffer (BCS) superfluid state to Bose-Einstein condensate (BEC) of molecules [6] . With the aid of laser fields, a series of artificial gauge fields can be engineered in real experiments [7, 8] . This makes it possible for exploring unconventional quantum manybody states with nontrivial features. Among them, the Fulde-Ferrel-Larkin-Ovchinnikov (FFLO) superfluid state has attracted great interest in research on ultracold Fermi gases [9] .
It has been known that, in the presence of attractive atomic interactions, the Fermi gas enters a superfluid state, in which atoms with opposite spins form pairs in the same way as electrons do in superconductors of solids [10] . The essential physics of the system is captured by the BCS theory. Generally, atomic pairs in the fermionic superfluid state host a zero center-of-mass (COM) momentum, due to the nesting of spin-balanced Fermi surfaces [11] . In the 1960s, Fulde and Ferrell [12] , and Larkin and Ovchinnikov [13] proposed that non-zero-momentum pairing may be formed to lower the system energy in the presence of spin species imbalance [14] , which is known as the FFLO state. The order parameter that charac-terizes the non-zero-momentum pairing exhibits a spatial modulation. This is the essential distinction from the ordinary zero-momentum pairing. Though there is a lack of prominent evidences in condensed-matter physics, various schemes have been proposed to synthesize and demonstrate this unconventional state in ultracold Fermi gases by using artificial fields [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] .
Recently, the capability of preparing ultracold atoms in cavities was also exploited in searching unconventional quantum states [29] . It can generate effective atomic interactions mediated by cavity photons [30] [31] [32] and exhibit nontrivial phenomena including the selforganization [33] [34] [35] [36] [37] [38] , supersolidity [39] [40] [41] , charge density wave (CDW) [42, 43] , pairing density wave (PDW) [44] , higher-wave pairing [45] , and magnetic order [46, 47] . Based on these pieces of previous work, the spatially modulated structure inspires us to inspect the influence of the cavity-induced interaction on the fermionic superfluid phase, which may raise the possibility of the emergent FFLO state.
The paper is organized as follows. In Sec.II, we consider the model Hamiltonian describing fermionic atoms coupled to a pumped optical cavity, and present the form of the cavity-induced long-range interaction. In Sec.III, we find that the long-range interaction will involve various two-body scattering processes of atoms. It leads to a distinguished pairing mechanism between atoms of opposite spins, and reveals the existence of non-zeromomentum pairing. The numeric results are shown in Sec.IV. In Sec.V, we discuss the extension of the model Hamiltonian in the one-dimensional (1D) lattice. In Sec.VI, we summarize this work. 
II. MODEL HAMILTONIAN
We start from an ultracold Fermi gas trapped in a three-dimensional (3D) optical lattice. Two hyperfine states of the atoms can be chosen as pseudospin ↑ and ↓. The Fermi gas is prepared to be placed in a linear cavity oriented in the x direction, while a pumping laser is placed perpendicular to the cavity. The experimental setup for our proposal is sketched in FIG.1. In this setup, the spin-↑↓ states can be coupled through an intermediate excited state |e . Such a three-level Raman transition is constructed by the single-mode standing-wave cavityphoton field (with frequency ω ca ) assisted with the pumping laser field (with frequency ω pu ). This setup comprises a driven-dissipative system due to the pumping laser and cavity-photon losses, and the steady state of the system can be described by the Jaynes-Cummings model [48] . After adiabatically eliminating the excited state |e , the steady state of the system is described by the following Hamiltonian composed of four terms:
The first and second terms H a + H aa describe the atom subsystem. In particular, H a is the single-particle Hamiltonian of atoms,
while H aa describes the contact two-body interactions of atoms which is generally created by Feshbach resonances:
(3) Here the trap potential of the optical lattice is V L (r) = l=x,y,z V L sin 2 (k L x) (k L = π/d with d standing for the lattice constant, and V L is the trap depth), m is atomic mass, µ σ is the chemical potential of spin-σ atoms, and g fr is the bare strength of the contact interaction.
The third term H c in Hamiltonian (1) describes the cavity subsystem,
Here ∆ ca = ω pu − ω ca is the cavity-pumping detuning. We note that, in the driven-dissipative system, one needs to account for the cavity losses phenomenologically via a decay rate κ. In practice, this decay can be prepared to be vanishingly small (κ ≪ ∆ ca ) in the superradiant regime [49] and is neglected hereafter. The last term H ac in Hamiltonian (1) describes the interaction between the two subsystems:
Here g(x) = g cos(k c x) is the atom-cavity coupling mode, and H.c. stands for the Hermitian conjugation. We suppose g ≪ V L ; thus, the atom-cavity coupling does not change the lattice configuration. The detailed formulas for obtaining Eqs. (4) and (5) are given in Appendix A.
In the atom-cavity system described by Hamiltonian (1), the partition function is expressed as
where S is the action of the system,
Here τ denotes the imaginary time and β ≡ 1/T with T as the temperature. In order to obtain an effective Hamiltonian H eff that solely characterizes the physics of the atom subsystem, we adiabatically eliminate the cavity field a by integrating them out in Z. Then the Hamiltonian H(ψ, a) in S[ψ, a] is replaced by an effective one H eff (ψ), whose form is expressed as
where the interacting part can be written as
Eq.(9) reveals that the adiabatic elimination of the cavity field gives rise to an effective long-range interaction, besides the contact one (H aa ) created by Feshbach resonances. Moreover, the form of the effective interaction is modulated in real space. By making the Fourier transformation, the form of H int in momentum space is expressed as
where
(11) Here we have denoted k c = (k c , 0, 0). The forms of U fr and U ac are given in Appendix B.
III. PAIRING MECHANISM
Now we inspect the interacting Hamiltonian (11). The first term H 
int , this process violates the momentum conservation. Each atomic pair acquires an additional COM momentum of ±2k c after the scattering. This is because, during the Raman transition (see FIG.2(b) ), the atomcavity coupling can introduce a net momentum transfer of ±2k c to atomic pairs. When U fr , U ac > 0, the two-body interactions generated by H (1∼3) int are all attractive. In this regime, the Fermi gas enters the fermionic superfluid state, and we regard the atomic pairing as its order parameter. For 3D ultracold Fermi gases, the mean-field Bogoliubov-de Gennes (BdG) approach is a useful approximation that is widely applied in investigating the superfluid state. Although the BdG theory is not expected to be quantitatively accurate, it can still provide a comprehensive description and qualitatively capture the physics picture along the BCS-BEC crossover at zero temperature [6, 50] . According to the earlier discussions, the atomic pairing hosts a COM momentum of zero or ±2k c (see FIG.2) . Therefore, at the mean-field level, we introduce dimensionless order parameters ∆ as follows: we have accounted for various pairing mechanisms. ∆ 0 stands for the order parameter that characterizes ordinary zero-momentum pairing. By contrast, a nonzero ∆ 2kc yields the FFLO superfluid phase associated with finite-momentum pairing.
In the presence of the periodic lattice potential, we use the tight-binding approximation to study the system. For simplicity, we can prepare the optical lattice and cavity mode to make 2k c equal to k L . In this way, the BdG Hamiltonian can be cast into a matrix form with finite dimensions. We choose the base Ψ k = (Ψ k , Ψ † −k ) T with Ψ k = (ψ k+kL/2↑ , ψ k+kL/2↓ , ψ k−kL/2↑ , ψ k−kL/2↓ ) and k L = (k L , 0, 0). The BdG Hamiltonian is thus written as
Here the single-particle part reads
and the pairing part is given bŷ
In H 0 (k), ξ kσ = −2t l=x,y,z cos(k l d) − µ σ represents the band dispersion of the tight-binding model. t is the hopping magnitude between adjacent lattices, which we choose as the energy unit hereafter. In the matrixD, σ 0,x,y,z are Pauli matrices. The thermodynamic potential of system can be calculated by [51] 
Here E 0 = 2U ac |∆ 0 + ∆ kL | 2 + U fr |∆ 0 | 2 , and E n k (n = 1 ∼ 8) are eigenvalues of the BdG Hamiltonian (13) . For the ground state of the system, the order parameters ∆ 0 and ∆ kL are determined by minimizing the thermodynamic potential Ω. It can be achieved by self-consistently solving the following equations:
IV. NUMERIC RESULTS
In ultracold atoms, the strength of the contact interaction and the effective long-range one (i.e., U fr and U ac ) can be controllable via magnetic or optical fields. In FIG.3(a) and (b), we respectively display the order parameters ∆ 0 and ∆ kL in the U fr -U ac plane at zero temperature. We can see that ∆ 0 increases monotonically with respect to both U fr and U ac . When U ac = 0, ∆ kL vanishes. This is consistent with the actual physics in the BCS-BEC crossover, because in the absence of the cavity field, the system reduces to the conventional BCS superfluid phase, which has been widely studied [6] .
With the increase of U ac , ∆ kL increases monotonically from zero. This is because in Hamiltonian (11), H 
int excites and stabilizes atomic pairs with COM momentum of ±2k c . In FIG.3(b) , we can see that even though U ac is extremely weak, the finite-momentum pairing, estimated by ∆ kL , can still be excited from the zero-momentum one via the weak cavity-induced interaction. In other words, the system enters the FFLO superfluid phase as long as U ac = 0. It is the ground state that hosts the lowest energy in the global order-parameter plane, as shown in FIG.3(c) . The hole bands are fully gapped from the particle bands, as shown in FIG.3(d) , and thus the superfluid state can be robust against small thermal fluctuations.
We remark that, since ∆ 0 and ∆ k l are simultaneously nonzero, the magnitude of the total order parameter will be staggered as ∆ 0 + (−1) xj ∆ k l (x j is the x coordinate of the j-th site). It performs a stripe structure along the x direction.
V. DISCUSSION
In this paper, we have focused on the case that the momentum transfer 2k c during the Raman transition matches the reciprocal lattice vector k L . The two-body scattering illustrated by FIG.2(c) is thus indeed the wellknown Umklapp process. It brings in interesting phenomena for Fermi gases trapped in 1D optical lattices, which simulate the Luttinger liquids and can perform transitions from CDW to superconductor phases [52] by changing the cavity-induced interaction. We remark that in conventional solid systems, the Umklapp process generally works when each site is half filled [53] . By contrast in this paper, the momentum transfer 2k c is tunable and can be set to match the Fermi wave vector k F of the 1D system. Thus, the cavity-induced Umklapp process in this paper will be present even at an incommensurate filling of atoms.
When the Raman momentum transfer 2k c equals to a generic form, for instance, the fractal pattern k c = k L p/q (p and q are prime integers), the pairing mechanism associated with nonzero COM momentum still works. However, the energy band for each spin degree of freedom will be split into q subbands. Meanwhile, the atomic pairs will host various COM momenta of ±2q ′ k c (q ′ = 0, 1, ..., q).
VI. CONCLUSION
In summary, we have investigated the influence of the atom-cavity coupling on the Fermi gases trapped in optical lattices. It gives rise to an effective longrange interaction and involves a variety of scattering processes, during which the atomic pairs will exhibit nonconserved COM momentum. The non-zero-momentum pairing is thus naturally excited and coexists with the zero-momentum one, resulting in the FFLO superfluid phase as the ground state of the lattice system.
The atom-cavity coupled system is described by the Jaynes-Cummings Hamiltonian composed of three parts [48] ,
The first part H c describes the cavity photon energy,
where ω ca is the frequency of the cavity photon field. We the pseudospin-↑ level as the zero-energy state; then the second part H a describing the single-particle Hamiltonian of the atoms is given by
Here we have neglected the kinetic motion of atoms at low temperature, since they are weak compared with the optical field strength. Γ ↓(e) is the energy difference of the state | ↓ (|e ) with respect to | ↑ . The last part H Ra describes the Raman transition driven by the pump laser and cavity photon fields (see FIG.1(b) ). It is formulated as follows,
where ω pu is the frequency of the laser field, Ω ca (x) = Ω ca cos(k c x) is the cavity field mode, and Ω pu and Ω ca are strengths of the pumping laser and cavity photon fields. In order to obtain a time-independent effective Hamiltonian, we make the following unitary rotation:
In the rotation frame, Hamiltonian (A1) is rewritten as pu Ω ca (x)/∆ e ≡ g cos(k c x) with g ≡ 2Ω *
pu Ω ca /∆ e . In practice, E ca is ignorable if E ca ≪ ∆ ca . We can tune E pu ≈ Γ ↓ + 2U ac , where 2U ac is originated from the first term of H (0) int in Eq. (11) . In this way, the energy difference between opposite spins is compensated and thus neglected. The atom-cavity coupled Hamiltonian (A10) reduces to the form: H = H c + H ac (see Eqs. (4) and (5)).
Appendix B: Derivations to Hamiltonian (11) In the presence of a lattice trap, we use the tightbinding approximation by expanding ψ in terms of the Wannier basis W (x),
where r j is the coordinate of the j-th site. Under the Fourier transformation, H aa in Eq. (8) is rewritten as 
with U ac = η 2 g 2 /(4∆ ca ). Due to the anticommutation of ψ, we can finally obtain the terms H
int , H
int , and H 
